If the cyclic sequence of faces for all the vertices in a polyhedral map are of the same types then the map is said to be a Semi-equivelar map. In this article we classify all semi-equivelar and vertex transitive maps on the surface of Euler genus 3, i.e., on the surface of Euler characteristic −1.
Introduction
Recall that a map is a connected 2-dimensional cell complex, or, equivalently, a cellular embedding of a connected graph in a surface. In this article a map will mean a polyhedral map on a surface. An automorphism of a map is a permutation of the set of vertices that preserves incidence with edges and faces of the embedding. A map X is said to be vertextransitive if the group of all automorphism, denoted Aut(X) acts transitively on the set V (X) of vertices of X.
For a vertex u in a map X, the faces containing u form a cycle (called the face-cycle at u) C u in the dual graph of X. So, C u is of the form (F 1,1 -· · · -F 1,n 1 )-· · · -(F k,1 -· · · -F k,n k )-F 1,1 , where F i,ℓ is a p i -gon for 1 ≤ ℓ ≤ n i , 1 ≤ i ≤ k, p r = p r+1 for 1 ≤ r ≤ k − 1 and p n = p 1 . A map X is called semi-equivelar (see [3] ) if C u and C v are of same type for all u, v ∈ V (X). More precisely, there exist integers p 1 , . . . , p k ≥ 3 and n 1 , . . . , n k ≥ 1, p i = p i+1 (addition in the suffix is modulo k) such that C u is of the form as above for all u ∈ V (X). In such a case, X is called a semi-equivelar map of type [p n 1 1 , . . . , p n k k ] (or, a map of type [p n 1 1 , . . . , p n k k ]). Clearly, vertex-transitive maps are semi-equivelar. A semi-equivelar map of type [p q ] is also called an equivelar map.
We present the complete classification of semi-equivelar maps on the surface of Euler char. −1 in this article. In 2006 Datta and Upadhyay (see [5] ) have given the complete classification of equivelar maps on the double torus. Further Nedela and Karabas (see [9, 10] ) worked along similar lines and classified all the Archimedean maps on orientable surfaces of Euler characteristics −2, −4 and −6. In particular, they have shown that there are seventeen isomorphism classes of Archimedean maps with eleven distinct face sequences, namely, of types [3 5 Bhowmik and Upadhyay have shown that there is exactly one map of type [3 1 , 4 1 , 3 1 , 4 2 ] on the surface of Euler characteristics −1. We present the complete list of semi-equivelar maps on the surface of Euler characteristics −1. We also show that none of these semi-equivelar maps are vertex-transitive. To avoid redundancy of use of terms, we use K to denote the surface of Euler characteristic -1. We begin with following known results : Thus, we know the complete list of semi-equivelar maps on the surface X of Euler characteristic −1. From [1, 8, 11] we know that the maps on X of types [3 5 The complete list of semi-equivelar maps on the surface of Euler genus 3 given in tabular form :
[3 5 , 4 1 ] K 11 , K 12 , K 13 (see [8] ) Table 1 This leads to the following :
There are exactly 13 non-isomorphic semi-equivelar maps on the surface of Euler genus 3, listed in Table 1 . None of these are vertex transitive.
The proof of this theorem is follows by Theorem 1.6 and [1, 8, 11] .
3 Proof of Theorem 1.4
Let F 1 -· · · -F m -F 1 be the face-cycle of a vertex u in a map. Then F i ∩F j is either u or an edge through u. Thus the face F i must be of the form
Here addition in the suffix is modulo m. So, u 1 -P 1 -u 2 -· · · -u m -P m -u 1 is a cycle and said to be the link-cycle of u. For a simplicial complex, P i = ∅ for all i, and the link-cycle of a vertex is the link of that vertex. A face in a map of the form u 1 -u 2 -· · · -u n -u 1 is also denoted by u 1 u 2 · · · u n . The faces with 3, 4, . . . , 10 vertices are called triangle, square, . . . , decagon respectively.
We need the following technical proposition from [2] to prove Lemma 3.2 which follows it.
Proposition 3.1 (Datta & Maity) . If [p n 1 1 , . . . , p n k k ] satisfies any of the following three properties then [p n 1 1 , . . . , p n k k ] can not be the type of any semi-equivelar map on a surface. i There exists i such that n i = 2, p i is odd and p j = p i for all j = i.
ii There exists i such that n i = 1, p i is odd, p j = p i for all j = i and p Proof. Let f 1 , f 2 be the no. of edges and faces of X respectively. Let f 0 = n. Let d be the degree of each vertex. Consider the k-tuple (q m 1 1 , . . . , q m k k ), where 3 ≤ q 1 < · · · < q k , for each i = 1, . . . , k, q i = p j for some j, m i = p j =q i n j . Let x i be the no. of i-gons in X. So,
. Thus, (d − 6)f 0 ≤ −6χ and hence d ≤ 6 since f 0 ≥ 7. So, d = 3, 4, 5 or 6. (1, 1, 0) , (0, 0, 1). If (x 4 , x 5 , x 6 ) = (3, 0, 0) then (q m 1 1 , . . . , q m k k ) = (3 ℓ 1 , 4 ℓ 2 ) and ℓ 1 + ℓ 2 = 6. So, −1 = n − 6n/2 + nℓ 1 /3 + nℓ 2 /4 = −2n + n(ℓ 1 /3 + ℓ 2 /4), i.e, 12 = 6n − nℓ 1 , i.e., 12 = n(6 − ℓ 1 ). Thus, ℓ 1 = 5 since n ≥ 7. Hence, [p n 1 1 , . . . , p n ℓ ℓ ] = [3 5 , 4 1 ] & n = 12. (x 4 , x 5 , x 6 ) = (1, 1, 0) implies (q m 1 1 , . . . , q m k k ) = (3 4 , 4 1 , 5 1 ). This gives, n(X) = 60/13, which is not an integer. So, (x 4 , x 5 , x 6 ) = (1, 1, 0) . Clearly, (x 4 , x 5 , x 6 ) = (0, 0, 1) as
Let (q m 1 1 , . . . , q m k k ) = (3 4 , i 1 ). Then, 4f 0 = 3x 3 , f 0 = ix i . Hence, x 3 = (3i − 10)x i − 10, i.e., 30i = (5i − 30)f 0 . So, f 0 = 6i/(i − 6). Hence, (i, f 0 , x i , x 3 ) = (7, 42, 7, 56) , (8, 24, 3, 32) as x i ≥ 3. So, (n, [p n 1 1 , . . . , p n ℓ ℓ ]) = (42, [3 4 , 7 1 ]), (24, [3 4 , (5, 10, 4, 10) since face-cycle of a vertex in X contains 10 (= f 0 ) vertices, which is not possible as edge graph of X is not complete.
Let (4, 5, 20, 5, 4, 20) (3, 7, 42, 28, 28, 6) , (3, 8, 24, 16, 16, 3) , (4, 4, 12, 8, 6, 3) (4, 12, 9, 8) . Thus, (n, (4, 4, 3, 12, 4, 6, 3, 4) , (4, 3, 4, 12, 4, 6, 4, 3) , (3, 8, 3, 24, 8, 16, 3, 8) , (3, 7, 3, 42, 14, 28, 6, 14) , (3, 3, 8, 24, 8, 16, 8, 3) , (3, 3, 7, 42, 14, 28, 14, 6) (4, 7, 42, 14, 21, 6) , (4, 8, 24, 8, 12, 3) , (5, 4, 60, 20, 24, 15) , (5, 5, 15, 5, 6, 3) , (6, 4, 12, 4, 4, 3) , (7, 3, 21, 7, 6, 7) , (8, 3, 12, 4, 3, 4) (4, 4, 4, 5, 20) . Therefore, (n, [p n 1 1 , . . . , p n ℓ ℓ ]) = (20, [4 3 , 5 1 ]). (4, 6, 14, 84, 21, 14, 6) , (4, 6, 16, 48, 12, 8, 3) , (4, 8, 10, 40, 10, 5, 4) , (6, 6, 8, 24, 4, 4, 3 (3, 14, 42) , (7, 6, 42) , (8, 6, 24) , (9, 6, 18) ). This completes the proof. We recall (from [4] ) some combinatorial versions of truncation and rectification on maps. Fig. 2 . Therefore always edges [v 1 , v 8 ], [v 7 , v 8 ] will adjacent to 4-gon and 5-gon respectively. Without loss of generality, let lk(1) = C 8 ([2, 3, 4, 5] , [6, 7, 8], 9) , then lk(2) = C 8 ([3, 4, 5, 1] , [9, a, b] , c), lk(9) = C 8 ([8, a 1 , a 2 , a 3 ], [a, b, 2], 1), lk(8) = C 8 ([a 1 , a 2 , a 3 , 9] , [1, 6, 7] , a 4 ). Therefore without loss of generality, we can assume (a 1 , a 2 , a 3 ) = (10, 11, 12) , (a, b, c) = (13, 14, 15) and a 4 = 16. Now lk(15) = C 8 ([14, a 6 , a 7 , a 8 ], [a 9 , a 10 , 3], 2), lk(14) = C 8 ([a 6 , a 7 , a 8 , 15], [2, 9, 13 ], a 5 ), lk (7) (7), we see that a 6 = 7 and a 5 , a 17 = 6, so with out loss of generality we can assume a 5 = 18, a 17 = 19, therefore a 11 ∈ {19, 20}. If a 11 = 19 then a 16 = 6, a 15 = 20 and lk(19) = C 8 ([6, 20, 18, 13] , [12, a 18 , a 12 ], 7), which implies a 12 ∈ {15, 17}. If a 12 = 17 then remaining 4-gons are [12, 19, 17, a 18 ], [3, 15 , a 9 , a 10 ], [18, a 6 , b 1 , b 2 ] and we have [10, 16] adjacent to 4-gon, which make a contradiction. Therefore a 12 = 15 and then a 18 = 3, (a 9 , a 10 ) = (12, 19), (a 13 , a 14 ) = (14, 17), (a 6 , a 7 , a 8 ) = (17, 16, 7) . Now lk (3) = C 8 ([4, 5, 1, 2] , [15, 19, 12] , 11), lk(12) = C 8 ([19, 8, 10, 11] , [3, 15, 19] , 13) and remaining two 4-gons are [10, 16, b 1 , b 2 ] and [4, 11, b 3 ([12, 9, 8, 10] 
. From here we see that b 4 = 17, a 19 = 19, b 1 = 5 which contradict to lk (16), therefore a 11 = 20. Now either a 6 = a 12 or a 6 = a 12 . If a 6 = a 12 then [3, 15, a 9 , a 10 ], [18, a 6 , b 1 , b 2 ], [10, a 12 , b 3 , b 4 ] are distinct 4-gons and we have [10, 16] , [12, 19] are adjacent to 4-gons, which make contradiction. Therefore a 6 = a 12 = 17 and then (a 13 , a 14 ) = (14, 15), (a 7 , a 8 ) = (7, 16) and remaining 4-gons are [3, 15, a 9 , a 10 ], [17, 18, b 1 , 20] , [10, 16, 18, 13, 19, 20] , [7, 8, 1] , 5) and lk(18) = C 8 ([13, 19, 20, 6] , [5, 20, 17] , 14), this implies C (7, 16, 15, 14, 18, 5, 20) ∈ lk (17) [6, a 11 ] is adjacent to 5-gon, therefore a 11 = 4, 5 which implies [4, 5] is adjacent to 4-gon, make a contradiction. ]. Let F 7 in X be a 7-gon. Let W 1 , W 2 , . . . , W 21 be the triangles which are incident with F 7 . Without loss, assume that W 1 ∩ F 7 is an edge. Then, W i ∩ F 7 is an edge for each i = 4, 7, 10, . . . , 19. Observe that W 1 ∪ W 21 , W i−1 ∪ W i , i = 4, 7, 10, . . . , 19 are triangulated squares with common edges W 1 ∩ W 21 , W i−1 ∩ W i , i = 4, 7, 10, . . . , 19 respectively. We consider squares by removing edges W 1 ∪ W 21 , W i−1 ∪ W i , i = 4, 7, 10, . . . , 19 in X. Again, consider the incident 7-gons with the squares in X and repeat as above for each 7-gon, and continue. Thus, we get a new polyhedral map Y (say) of type [3 1 , 4 1 , 7 1 , 4 1 ] on 42 vertices. In Y , the triangles are disjoint and have common edges with squares. We collapse each triangle in Y to a vertex. So, we get a map of type [7 3 ] and hence, a map of type [3 7 ] by dual. It's easy to observe that there does not exist map of type [3 7 ] on the surface of χ = −1. So, there is no map of type [7 3 ]. Hence, [p 7 1 , 3 1 , 7 1 ]. We apply reverse process of the process of rectification (see the rectification process in Prop. 3.6) in X. Hence, we get a map of type [7 3 ] from a map of type [3 1 Proof. Let V (K), F 4 (K), F 5 (K) be vertex set, 4-gon face set and 5-gon face set respectively. Then |V (K)| = 20, |F 4 (K)| = 15 and |F 5 (K)| = 4. Let V (K) = {1, 2, . . . , 20}. We write lk(v) by the notation lk [v, v 5 , v 6 , v 7 ] form 4-gon faces, see Fig. 3 . Without loss of generality, let lk(1) = C 9 ([2, 3, 4] , [4, 5, 6] , [ 6, 7, 8] , [8, 9, 10, 2] ) and lk(2) = C 9 ([1, 4, 3], [3, a, b], [b, c, 10] , [10, 9, 8, 1] ).
If b = 5 then either a = 6 or c = 6. Now consider a = 6. Then lk(5) = C 9 ([4, 1, 6] , [6, 3, 2] , [2, 10, 3] , [c, a 1 , b 1 , 4] ) and lk(6) = C 9 ([3, 2, 5] , [5, 4, 1] , [1, 8, 7] , [7, a 2 , b 2 , 3] ). So without loss, assume (c, a 1 , b 1 ) = (11, 12, 13) and (a 2 , b 2 ) = (14, 15). Therefore lk(3) = C 9 ([6, 2, 5 ] , [5, 1, 4] , [4, 13, 15] , [15, 14, 7, 6] ), lk(4) = C 9 ([5, 6, 1] , [1, 2, 3] , [3, 15, 13] , [13, 12, 11, 5] ), lk(7 ) = C 9 ([6, 1, 8], [8, a 4 , a 5 ], [a 5 , a 6 , 14] , [14, 15, 3, 6] ), lk(8) = C 9 ([1, 6, 7] , [7, a 5 , a 4 ], [a 4 , a 7 , 9 ] , [9, 10, 2, 1] ), lk(10) = C 9 ([2, 5, 11] , [11, a 8 , a 9 ], [a 9 , a 10 , 9] , [9, 8, 1, 2] ), lk(11) = C 9 ([5, 2, 10] , [10, a 9 , a 8 ], [a 8 , a 11 , 12], [12, 13, 4, 5] ), lk(13) = C 9 ([4, 3, 15], [15, a 12 , a 13 ], [a 13 , a 14 , 12] , [ 12, 11, 5, 4] ), lk(15) = C 9 ([3, 4, 13], [13, a 13 , a 12 ], [a 12 , a 15 , 14] , [14, 7, 6, 3] ), lk(12) = C 9 ([13,  a 13 , a 14 ], [a 14 , d 1 , a 11 ], [a 11 , a 8 , 11] , [11, 5, 4, 13] ), lk(9) = C 9 ([8, a 4 , a 7 ], [a 7 , d 2 , a 10 ], [a 10 , a 9 , 10 ], [10, 2, 1, 8] ) and lk(14) = C 9 ([15, a 12 , a 15 ], [a 15 , d 3 , a 6 ], [a 6 , a 5 , 7], [7, 6, 3, 15] ), which implies a 5 ∈ {11, 12} ∪ N and a 9 ∈ {14, 15} ∪ N where N = {16, 17, 18, 19, 20}.
If a 5 = 11, then by considering lk (10) and lk (11), we get a 4 = 12, a 6 = 10 and then a 15 = a 10 = 16, a 7 = a 14 = 17, a 12 = 18. Now vertices of remaining 5-gon are 16, 17, 18, 19 , 20 and we have [9, 16, d 2 , 17] is a face, which make a contradiction.
If a 5 = 12 then either a 11 = 7 or a 14 = 7. a 11 = 7 implies {a 8 , d 1 } = {8, 14}. If (a 8 , d 1 ) = (8, 14) then a 4 = 11 and then from lk (11) we get a 9 = 9, a 7 = 10, which is a contradiction, therefore (a 8 , d 1 ) = (14, 8) . Now from lk (14) we get a 6 = 11, a 9 = a 15 , d 3 = 10, so without loss, we can assume a 9 = 16. Therefore lk(16) = C 9 ([a 10 , 9, 10] , [ 10, 11, 14] , [14, 15, a 12 ], [a 12 , b 1 , b 2 , a 10 ]), this implies a 12 = 17, [a 10 = 20], (b 1 , b 2 ) = (18, 19) and then after completing lk(17) we see that lk(9) will not possible. a 14 = 7 implies {a 13 , d 1 } = {8, 14}. If (a 13 , d 1 ) = (8, 14) then a 4 = 13, a 14 = 7, a 12 = 9, a 7 = 15. Now we have twelve vertices remain to complete link of 16, 17, 18, 19, 20 , which is not possible, therefore (a 13 , d 1 ) = (14, 8) and then a 6 = 13, a 14 = 7 and a 4 = a 11 . So a 4 must be a new vertex , say 16. Now lk(16) = C 9 ([a 8 , 11, 12] , [12, 7, 8] , [8, 9, a 7 ], [a 7 , b 1 , b 2 , a 8 ]). So without loss, assume (a 7 , a 8 , b 1 , b 2 ) = (17, 18, 19, 20) and then after completing lk(20), we get a 9 / ∈ V (K). Therefore a 5 = 12. Hence a 5 = 16 and from lk (8), lk (11) and lk(13) we have a 4 ∈ {12, 17}. If a 4 = 12 then either a 11 = 8 or a 14 = 8. a 11 = 8 implies [12, a 11 , d 1 , a 14 ] = [12, 8, 7, 16 ] and a 8 = 9, a 7 = 11, which implies [9, 11, 10, a 9 ], [9, 10, a 9 , a 10 ] ∈ F 4 (K) which is not possible, therefore a 14 = 8. Then [12, a 14 , d 1 , a 11 ] = [12, 8, 7, 16] and a 13 = 9, a 7 = 13, d 2 = 15, a 10 = a 12 , which implies a 10 ∈ {14, 17}. a 10 = 14 implies a 12 = 13, a 15 = 9, d 3 = 10, a 6 = a 9 = 17. Now lk(16) = C 9 ([17, 14, 7] , [7, 8, 12] , [12, 11, 20] , [20, 19, 18, 17] ) i.e. a 8 = 20, a 11 = 16 which implies C (10, 11, 12, 16, 17) ∈ lk(20), a contradiction, therefore a 10 = 17. Now lk(17 ) = C 9 ([a 9 , 10, 9] , [9, 13, 15] , [15, 14, a 15 ], [a 15 , b 1 , b 2 , a 9 ]) which implies {a 9 , a 15 } = {16, 18}. But a 15 = 16 as then [14, 15, 16, 17] , [7, 14, a 6 , 16] ∈ F 4 (K), which is not possible and a 9 = 16 as then lk(16) will not possible, therefore a 4 = 12 i.e. a 4 = 17. Now lk(16) = C 9 ([ 17, 8, 7] , [7, 14, a 6 ], [a 6 , d 4 , 20] , [20, 19, 18, 17] ) and lk(17) = C 9 ([16, 7, 8] , [8, 9, a 7 ], [a 7 , d 5 , 18 ], [18, 19, 20, 16] ). So a 6 = 9 which implies [9, a 10 , d 2 , a 7 ] = [9, 16, 7, 14] and a 9 = 20, d 4 = 10, a 15 = 17, d 3 = 8, a 7 = 14, a 12 = 18, d 5 = 15. Now lk(20) = C 9 ([16, 9, 10] , [10, 11, a 8 ], [a 8 , d 6 , 19], [19, 18, 17, 16] ) i.e. a 8 = 12 and then lk(18) = C 9 ([17, 14, 15] , [15, 13, a 13 ], [ a 13 , d 7 , 19] , [19, 20, 16, 17] ) which implies a 13 / ∈ V (K). So a 6 = 9 and therefore a = 6 for b = 5. In the similar manner we see that c = 6 for b = 5 and therefore b = 5.
So without loss, we assume b = 11 and then (a, c) ∈ {(5, 7), (7, 5) , (5, 12 ), (7, 12) , (12, 5), (12, 7), (12, 13)}. (a, c) = (7, 12) is isomorphic to (a, c) = (12, 5) under the map (1 2)(3 4) (7 12) (8 10) , see [5] .
Case 1 ((a, c) = (5, 7) ). [5, 6] will adjacent to 5-gon, as if [6, 7] is adjacent to 5-gon then lk(11) will not possible. Now lk(5) = C 9 ([6, 1, 4] , [4, a 1 , 11] , [11, 2, 3] , [3, a 2 , a 3 , 6]), lk(7) = C 9 ([8, 1, 6] , [6, a 4 , 10] , [10, 2, 11] , [11, a 5 , a 6 , 8]) and lk(11) = C 9 ([7, 10, 2], [2, 3, 5] , [ 5, 4, a 5 ], [a 5 , a 6 , 8, 7] ) which implies a 1 = a 5 = 12. From lk(4) we see that [1, 4] can not be adjacent to 5-gon, therefore [4, 11] will adjacent to 5-gon which implies a 6 = 4 and then C (5, 11, 7, 8) ∈ lk(12) , is a contradiction.
Case 2 ((a, c) = (7, 5) ). [5, 6] is not adjacent to 5-gon as then lk (7) will not possible, therefore [6, 7] and [4, 5] are adjacent to 5-gon. Now lk(5) = C 9 ([4, 1, 6] , [6, a 1 , 10] , [10, 2, 11] , [11, a 2 , a 3 , 4] ) which implies lk (7) = C 9 ([6, 1, 8] , [8, a 4 , 11] , [11, 2, 3] , [3, a 5 , a 6 ]) and lk(11) = C 9 ([ 5, 10, 2] , [2, 3, 7] , [7, 8, a 2 ] , [a 2 , a 3 , 4, 5] ) and therefore a 2 = a 4 = 12 and lk(8) = C 9 ([1, 6, 7] , [7, 11, 12] , [12, a 7 , 9] , [9, 10, 2, 1] ), lk(12) = C 9 ([11, 7, 8] , [8, 9, a 7 ], [a 7 , a 8 , a 3 ], [a 3 , 4, 5, 11] ) which implies a 3 = 13. Now a 5 , a 6 must be two new vertices , so let a 5 = 14, a 6 = 15. Now lk(6) = C 9 ([7, 8, 1] , [1, 4, 5] , [5, 10, 15] , [15, 14, 3, 7] ) i.e. a 1 = 15. From here we see that a 7 ∈ {14, 16} and [a 7 , a 8 ] is adjacent to 5-gon. If a 7 = 14 then after completing lk (14) and lk (3) we see that lk(4) will not possible, therefore a 7 = 16. Without loss of generality, assume [16, 17, 18, 19, 20 ] ∈ F 5 (K) and a 8 = 17. Then lk(16) = C 9 ([17, 13, 12] , [12, 8, 9 ] , [9, a 9 , 20] , [20, 19, 18, 17] ), lk(9) = C 9 ([, 12, 16] , [16, 20, a 9 ], [a 9 , 15, 10], [10, 2, 1, 5] ), lk(10 ) = C 9 ([2, 11, 5] , [5, 6, 15] , [15, a 9 , 9] , [9, 8, 1, 2] ) and lk(3) = C 9 ([7, 11, 2] , [2, 1, 4] , [4, a 10 , 14] , [ 14, 15, 6, 7] ). As we have [16, 20] adjacent to a 5-gon, therefore [a 9 , 15] will adjacent to a 5-gon. So a 9 = 14 and then after completing lk(14) we see that lk(4) will not possible.
Case 3 ((a, c) = (5, 12) ). If [5, 6] adjacent to 5-gon then lk(5) = C 9 ([6, 1, 4] , [4, a 1 , 11] , [ 11, 2, 3] , [3, a 2 , a 3 , 6]) which implies [4, 5] to 5-gon, which is not possible, therefore [6, 7] is adjacent to 5-gon. Now lk(5) = C 9 ([4, 1, 6] , [6, a 1 , 3] , [3, 2, 11] , [11, a 2 , a 3 , 4] ), lk(6) = C 9 ([ 7, 8, 1] , [1, 4, 5] , [5, 3, a 1 ], [a 1 , a 4 , a 5 , 7]) and lk (3) 6, 5] , [55, 11, 2] , [2, 1, 4] , [4, b 1 
Case 4 ((a, c) = (7, 12) ). [6, 7] is adjacent to 5-gon as if [5, 6] adjacent to 5-gon then lk (7) will not possible. Now lk(6) = C 9 ([7, 8, 1] , [1, 4, 5] , [5, a 1 , a 2 ], [a 2 , a 3 , a 4 , 7]) and from lk (7), we get a 4 ∈ {3, 11}. (7) = C 9 ([6, 1, 8] , [8, a 5 , 11] , [11, 2, 3] , [3, a 3 , a 2 , 6]), lk(3) = C 9 ([ 7, 11, 2] , [2, 1, 4] , [4, a 6 , a 3 ], [a 3 , a 2 , 6, 7]), lk(4) = C 9 ([5, 6, 1] , [1, 2, 3] , [3, a 3 , a 6 ], [a 6 , a 7 , a 8 , 5]) and lk(11) = C 9 ([12, 10, 2] , [2, 3, 7] , [7, 8, a 5 ], [a 5 , a 9 , a 10 , 12]). From here we see that two 5-gon [3, 7, 6 , a 2 , a 3 ] and [11, 12 , a 10 , a 9 , a 5 ] are not same, therefore a 2 = 13, a 3 = 14. Now lk(8) = C 9 ([1, 6, 7] , [7, 11, a 5 ], [a 5 , a 11 , 9] , [9, 10, 2, 1] ) and lk(a 5 ) = C 9 ([11, 7, 8] , [8, 9, a 11 ], [ a 11 , a 12 , a 9 ], [a 9 , a 10 , 12, 11]) which implies a 5 = 15. Now two 4-gons [4, 5, a 8 , a 7 , a 6 ] and [11, 12 , a 10 , a 9 , 15] are either same of distinct. 5} and [16, 17, 18, 19, 20 ] is a 5-gon face. If (a 9 , a 10 ) = (4, 5) then (a 6 , a 7 , a 8 ) = (15, 11, 12), a 11 = 14, a 12 = 3 and then lk(14) = C 9 ([3, 4, 15] , [15, 8, 9] , [9, a 13 , 13], [13, 6, 7, 3] ), lk(9) = C 9 ([8, 15, 14] , [14, 13, a 13 ], [a 13 , a 14 , 10], [10, 2, 1, 8] ) and lk(13) = C 9 ([14, 9, a 13 ], [a 13 , a 15 , a 1 ], [a 1 , 5, 6] , [6, 7, 3, 14] ). From here we see that a 1 ∈ {12, 16}. But if a 1 = 12 then after completing lk(12) we get C (9, 14, 13, 12, 10) ∈ lk(a 13 ), is a contradiction, therefore a 1 = 16. This implies a 13 = 12 and then after completing lk(12), lk(5) will not possible. Therefore (a 9 , a 10 ) = (5, 4) and then (a 6 , a 7 , a 8 ) = (12, 11, 15) . Now lk(5) = C 9 ([ 4, 1, 6] , [6, 13, a 12 ], [a 12 , a 11 , 15], [15, 11, 12, 4] ) which implies a 1 = a 12 = 16 and a 11 = 17. Now lk(17) = C 9 ([16, 5, 15] , [15, 8, 9] , [9, a 13 , 18] , [18, 19, 20, 16] ) and lk(9) = C 9 ([8, 15, 17] , [ 17, 18, a 13 ], [a 13 , a 14 , 10], [10, 2, 1, 8] ) and from here we see that for any a 13 , lk(a 13 ) will not possible. [11, 12 , a 10 , a 9 , 15] are distinct then without loss of generality, let (a 6 , a 7 , a 8 , a 9 , a 10 ) = (16, 17, 18, 19, 20) and then a 11 ∈ {13, 17, 18} and lk(5 ) = C 9 ([4, 1, 6] , [6, 13, a 1 ], [a 1 , a 13 , 18], [18, 17, 16, 4] ). a 11 = 13 implies a 1 = 9, a 12 = 14 and then lk(9) = C 9 ([8, 15, 13] , [13, 6, 5] , [5, 18, 10] , [10, 2, 1, 8] ) i.e. a 13 = 10. Now lk(10) = C 9 ([2, 11, 12] , [12, a 14 , 18] , [18, 5, 9] , [9, 8, 1, 2] ), lk(14) = C 9 ([3, 4, 16] , [16, a 15 , 19] , [19, 15, 13 ] , [13, 6, 7, 3] ), lk(18) = C 9 ([5, 9, 10] , [10, 12, a 14 ], [a 14 , a 16 , 17], [1, 16, 4, 5] ) and lk(12) = C 9 ([ 11, 2, 10] , [10, 18, a 14 ], [a 14 , a 17 , 20], [20, 19, 15, 11] ) which implies a 14 / ∈ V (K). If a 11 = 17 then a 12 ∈ {16, 18}. a 12 = 16 implies lk(16) = C 9 ([17, 15, 19] , [19, a 14 , 14] , [14, 3, 4] , [4, 5, 18, 17] ), lk(17) = C 9 ([16, 19, 15] , [15, 8, 9] , [9, a 15 , 18] , [18, 5, 4, 16] ), lk(9) = C 9 ([8, 15, 17 ] , [17, 18, a 15 ], [a 15 , a 16 , 10], [10, 2, 1, 8] ), lk(19) = C 9 ([15, 17, 16], [16, 14, a 14 ], [a 14 , a 17 , 20], [ 20, 12, 11, 15] ) which implies a 15 = 20 and then C (11, 2, 1, 8, 9, 20, 12) ∈ lk (10), which is a contradiction. Similarly a 12 = 18. If a 11 = 18 then a 12 = 5 as if a 12 = 17, after completing lk (18), we get a 1 = 10 which implies lk(10) will not possible. Now a 1 = 19, a 13 = 15 and lk(18) = C 9 ([5, 19, 15] , [15, 8, 9] , [9, a 14 , 17] , [17, 16, 4, 5] ), lk(19) = C 9 ([15, 18, 5] , [5, 6, 13] , [ 13, a 15 , 20], [20, 12, 11, 15] ) and lk(9) = C 9 ([8, 15, 18] , [18, 17, a 14 ], [a 14 , a 16 , 10], [10, 2, 1, 8] ) which implies a 14 / ∈ V (K).
Case 4.2 ((a 4 = 11)). Then lk (7) = C 9 ([6, 1, 8] , [8, a 5 , 3] , [3, 2, 11] , [11, a 3 , a 2 ]), lk(3 ) = C 9 ([4, 1, 2] , [2, 11, 7] , [7, 8, a 5 ], [a 5 , a 6 , a 7 , 4]), lk(11) = C 9 ([7, 3, 2] , [2, 10, 12] , [12, a 7 , a 3 ], [ a 3 , a 2 , 6, 7]) and lk(4) = C 9 ([3, 2, 1], [1, 6, 5] , [5, a 8 , 17] , [17, 16, 15, 3] ), this implies (a 2 , a 3 ) = (13, 14) and (a 5 , a 6 , a 7 ) = (15, 16, 17) . From here we see that [5, a 1 ] and [12, a 7 ] adjacent to same 5-gon and vertices of this 5-gon are 5, 12, 18, 19, 20 and a 1 = 12, a 7 = 5, so [5, 18, 19, 12, 20] form a face and therefore a 1 = 18, a 8 = 20. Now after completing lk (5), lk (8), lk(15), lk(19) and lk(12) respectively, we get C (1, 8, 9, 19, 12, 11, 2) ∈ lk (10), which is a contradiction.
Case 5 ((a, c) = (12 , 7)). Then [6, 7] will adjacent to 5-gon as if [5, 6] is adjacent to 5-gon then lk (7) will not complete. Now lk (7) = C 9 ([6, 1, 8] , [8, a 1 , 10] , [10, 2, 11] , [11, a 2 , a 3 , 6]), lk(10) = C 9 ([2, 11, 7] , [7, 8, a 1 ], [a 1 , a 4 , 9] , [9, 8, 1, 2] ) and lk(8) = C 9 ([1, 6, 7] , [7, 10, a 1 ], [a 1 , a 5 , 9] , [9, 10, 2, 1] ) which implies C (8, 7, 10, 9) ∈ lk(a 1 ), which make a contradiction.
Claim 1. If lk(v) is like in Fig. 3 , then v 4 , v 5 , v 6 / ∈ V lk(v 1 ) (K) and v 2 , v 3 , v 4 / ∈ V lk(v 7 ) (K), where V lk(v) (K) is the set of all vertices of lk(v).
The proof of the Claim 1 is clear from the above cases. Without that being mentioned, we will often use this result in the next section of the proof.
Case 6 ((a, c) = (12, 13)). Then lk(8) = C 9 ([1, 6, 7] , [7, a 1 , a 2 ], [a 2 , a 3 , 9] , [9, 10, 2, 1] ), lk(10 ) = C 9 ([2, 11, 13] , [13, a 4 , a 5 ], [a 5 , a 6 , 9] , [9, 8, 1, 2] ) and lk(9) = C 9 ([10, a 5 , a 6 ], [a 6 , a 7 , a 3 ], [ a 3 , a 2 , 8], [8, 1, 2, 10] ) which implies a 2 ∈ {12, 13, 14}. Case 6.1 (a 2 = 12). Then by considering lk (3), we have a 1 ∈ {3, 11}. a 1 = 3 implies lk(3) = C 9 ([7, 8, 12] , [12, 11, 2] , [2, 1, 4] , [4, a 8 , a 9 , 7]) and lk(12) = C 9 ([a 3 , 9, 8] , [8, 7, 3] , [3, 2, 11] , [11, a 10 , a 11 , a 3 ]). Therefore [3, 4, a 8 , a 9 , 7] and [11, 12 , a 3 , a 11 , a 10 ] are distinct, which means a 3 = 14. Now lk(14) = C 9 ([12, 8, 9] , [9, a 6 , a 7 ], [a 7 , a 12 , a 11 ], [a 11 , a 10 , 11, 12]), lk(11 ) = C 9 ([12, 3, 2] , [2, 10, 13] , [13, a 13 , a 10 ], [a 10 , a 11 , 14, 12]), lk(13) = C 9 ([a 5 , a 5 , 10], [10, 2, 11 ] , [11, a 10 , a 13 ], [a 13 , a 14 , a 15 , a 4 ]) and lk(4) = C 9 ([3, 2, 1], [1, 6, 5] , [5, a 16 , a 8 ], [a 8 , a 9 , 7, 3]). So [11, 12, 14 , a 11 , a 10 ] and [13, a 4 , a 15 , a 14 , a 13 ] are distinct faces and a 10 ∈ {5, 15}. If a 10 = 5 then either lk(5) = C 9 ([11, 13, 4] , [4, 1, 6] , [6, a 17 , a 11 ], [a 11 , 14, 12, 11] ) or lk(5) = C 9 ([ 11, 13, 6] , [6, 1, 4] , [4, a 8 , a 11 ], [a 11 , 14, 12, 11] ). If lk(5) = C 9 ([11, 13, 4] , [4, 1, 6] , [6, a 17 , a 11 ], [ a 11 , 14, 12, 11] ) then a 13 = 4 and two 5-gons [3, 4, a 8 , a 9 , 7] , [13, a 4 , a 15 , a 14 , a 4 ] are same i.e. a 14 = 3, a 15 = 7. Without loss of generality, we can conclude a 9 = 15, a 11 = 17 and [6, 17, 18, 19, 20 ] is a face, which contradict to lk (6), therefore lk(5) = C 9 ([11, 13, 6] , [6, 1, 4 ] 
